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Abstract
We explore the possibility of using amplitude and phase fluctuations of gravitational waves due to
gravitational lensing as a probe of the small-scale matter power spectrum. The direct measurement of
the small-scale matter power spectrum is made possible by making use of the frequency dependence
of such gravitational lensing dispersions originating from the wave optics nature of the propagation of
gravitational waves. We first study the small-scale behavior of the matter power spectrum in detail
taking the so-called halo model approach including effects of baryons and subhalos. We find that the
matter power spectrum at the wavenumber k ∼ 106hMpc−1 is mainly determined by the abundance
of dark low mass halos with mass 1h−1M .M . 104h−1M and is relatively insensitive to baryonic
effects. The matter power spectrum at this wavenumber is probed by gravitational lensing dispersions
of gravitational waves at frequencies of f ∼ 0.1− 1 Hz with predicted signals of O(10−3). We also find
that Primordial Black Holes (PBHs) with MPBH & 0.1 M can significantly enhance the matter power
spectrum at k & 105hMpc−1 due to both the enhanced halo formation and the shot noise from PBHs.
We find that gravitational lensing dispersions at f ∼ 10 − 100 Hz are particularly sensitive to PBHs
and can be enhanced by more than an order of magnitude depending on the mass and abundance of
PBHs.
Keywords: cosmology: theory — dark matter — gravitational lensing: weak — gravitational waves
1. INTRODUCTION
The nature of dark matter remains one of the cen-
tral problems in cosmology. While the cold dark matter
(CDM) model (Peebles 1982; Blumenthal et al. 1984;
Davis et al. 1985) is successful in explaining a variety
of cosmological observations including the cosmic mi-
crowave background (Planck Collaboration et al. 2016)
and the large-scale structure of the Universe (Alam et al.
2017), there are several competing candidates of cold
dark matter, including weakly interacting massive parti-
cles, ultra-light dark matter, and primordial black holes
(see e.g., Battaglieri et al. 2017). A number of exper-
masamune.oguri@ipmu.jp
iments are ongoing and planned to detect dark matter
and to discriminate these different candidates.
Cosmological and astrophysical observations provide
an important means of studying the property of dark
matter particles, because different dark matter candi-
dates can predict quite different small-scale distributions
of dark matter. In observations, there have been debates
about the validity of the simplest collisionless CDM
model at the dwarf galaxy scale. For example, core-like
radial density profiles of many dark-matter dominated
dwarf galaxies and the small number of satellite dwarf
galaxies in the Milky Way and the Local Group (see
Bullock & Boylan-Kolchin 2017, for a review) may hint
the particle nature of dark matter, although it has been
argued that the modification of dark matter distribu-
tions by complex baryon physics such as star formation
and supernova feedback may well explain the observed
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properties of dwarf galaxies even in the context of the
simplest collisionless CDM model.
One way to settle the debate is to study dark low mass
halos. Since the galaxy formation theory predicts that
halos with masses . 107M contain very little or no
star, properties of such dark low mass halos are barely
affected by the complex baryon physics, which makes
them an ideal site for testing various dark matter can-
didates. However, detecting such dark low mass ha-
los is quite challenging. Several ideas include flux ratio
anomalies in gravitationally lensed quasars (e.g., Mao &
Schneider 1998; Inoue et al. 2015; Gilman et al. 2020),
perturbations in galaxy-galaxy strong lensing (e.g., In-
oue & Chiba 2003; Koopmans 2005; Vegetti et al. 2012;
Ritondale et al. 2019), perturbations in stellar streams in
the Milky Way (e.g., Ibata et al. 2002; Bovy et al. 2017;
Banik et al. 2019), pulsar timing array (e.g., Kashiyama
& Oguri 2018; Dror et al. 2019), astrometric weak grav-
itational lensing (e.g., Van Tilburg et al. 2018; Mondino
et al. 2020), caustic crossings in massive clusters (e.g.,
Kelly et al. 2018; Dai et al. 2018b; Dai & Miralda-Escude´
2020), and diffraction effects in gravitational lensing
(e.g., Dai et al. 2018a). Some of these techniques al-
ready place interesting constraints on the abundance of
low mass halos down to ∼ 108M that is roughly consis-
tent with the standard CDM prediction. Thus pushing
such constraints to even lower halo masses is anticipated.
One of the candidates of CDM includes Primordial
Black Holes (PBHs) that formed in the early Universe
(see e.g., Sasaki et al. 2018; Carr et al. 2020, for re-
views). The PBH dark matter scenario has attracted
a lot of attention given the discovery of gravitational
waves from a binary black hole merger (Abbott et al.
2016). The abundance of PBHs around the mass scale of
such binary black hole mergers has been constrained by
e.g., quasar microlensing (Mediavilla et al. 2017), caustic
crossings (Oguri et al. 2018), and gravitational lensing
of Type Ia supernovae (Zumalaca´rregui & Seljak 2018).
Tighter constraints on their abundance are needed to
check whether PBHs can account for observed gravita-
tional wave events.
In this paper, we explore the possibility of using grav-
itational lensing dispersions of gravitational waves as a
new probe of dark low mass halos and PBHs. The grav-
itational lensing dispersion refers to the dispersion of
the brightness of a distant source due to gravitational
lensing (de)magnification caused by intervening matter
along the line-of-sight. Such gravitational lensing dis-
persions have been detected from samples of Type Ia
supernovae (Jo¨nsson et al. 2007, 2010; Kronborg et al.
2010; Karpenka et al. 2013; Smith et al. 2014), and con-
tain information on the matter power spectrum at small
scales (Bernardeau et al. 1997; Metcalf 1999; Hamana
& Futamase 2000; Dodelson & Vallinotto 2006; Quar-
tin et al. 2014; Fedeli & Moscardini 2014; Ben-Dayan &
Kalaydzhyan 2014; Ben-Dayan & Takahashi 2016; Hada
& Futamase 2016, 2019; Agrawal et al. 2019).
This approach can easily be extended to gravitational
waves from compact binary mergers given their stan-
dard siren nature (Schutz 1986; Holz & Hughes 2005).
A notable difference of gravitational lensing of gravita-
tional waves from that of supernovae is that wave optics
effects can play an important role in some situations
(see e.g., Nakamura & Deguchi 1999; Oguri 2019, for
reviews). For instance, gravitational lensing magnifica-
tions are significantly suppressed due to diffraction when
the wavelength of gravitational waves is larger than the
Schwarzschild radius of the lens. In the case of gravita-
tional lensing dispersions, density fluctuations below the
so-called Fresnel scale, which depends on the frequency
of gravitational waves, do not contribute to the disper-
sion due to diffraction (Macquart 2004; Takahashi et al.
2005; Takahashi 2006). Taking advantage of this effect,
Takahashi (2006) proposed to use amplitude and phase
changes as a function of the frequency of gravitational
waves to probe the matter power spectrum at the Fres-
nel scales. In this paper we extend this idea and explore
the detectability of dark low mass halos and primordial
black holes with frequency dependent gravitational lens-
ing dispersions of gravitational waves. For this purpose,
we study the behavior of the matter power spectrum at
very small scales (k  1 Mpc−1) in detail, including
the modification of the power spectrum due to baryon
physics, taking the halo model approach.
This paper is organized as follows. We present our
halo model including effects of baryons and subhalos
in Section 2. We then present results of gravitational
lensing dispersions of gravitational waves in Section 3.
Some discussions are given in Section 4. Finally we con-
clude in Section 5. Throughout the paper we adopt
the Λ-dominated CDM model with the matter den-
sity Ωm = 0.3089, the baryon density Ωb = 0.0486,
the cosmological constant ΩΛ = 0.6911, the dimension-
less Hubble constant h = 0.6774, the spectral index
ns = 0.9667, and the normalization of the density fluc-
tuation σ8 = 0.8159, which are cosmological parameters
adopted in the IllustrisTNG cosmological hydrodynam-
ical simulations (Nelson et al. 2018; Springel et al. 2018;
Pillepich et al. 2018; Marinacci et al. 2018; Naiman et al.
2018). Throughout the paper we always assume a flat
Universe for calculating distances.
2. HALO MODEL
2.1. Standard Calculation
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The halo model (see e.g., Cooray & Sheth 2002, for a
review) provides a powerful means of studying nonlinear
gravitational clustering. It assumes that all the matter
is confined in dark matter halos. With this assumption,
the matter density field ρ(x) is written as
ρ(x) =
∑
i
Miu (x− xi|Mi) , (1)
where i labels dark matter halos, Mi and xi are the mass
and the spatial position of i-th halo, and u(x|m) denotes
the normalized density profile of a halo with mass M
that satisfies
∫
dxu(x|M) = 1. Usually the Navarro
et al. (1997, hereafter NFW) density profile is adopted
as the density profile of each halo. From Equation (1),
it is found that the matter power spectrum is described
by the sum of the so-called 1-halo and 2-halo terms (see
Appendix A for the derivation)
P (k) = P 1h(k) + P 2h(k), (2)
P 1h(k) =
∫
dM
dn
dM
(
M
ρ¯
)2
u2(k|M), (3)
P 2h(k) =
[∫
dM
dn
dM
(
M
ρ¯
)
b(M)u(k|M)
]2
Plin(k),
(4)
where dn/dM denotes the halo mass function, ρ¯ is the
mean comoving matter density, u(k|M) is the Fourier
transform of the normalized density profile, b(M) is a
linear halo bias, and Plin(k) is the linear matter power
spectrum.
2.2. Modifications of 1-halo Term
The baryon cooling and star formation modify the
matter distribution in each halo, and thereby affect the
matter power spectrum (see e.g., Chisari et al. 2019, for
a review). Such baryonic effects have been studied using
the halo model, mostly focusing on their impact on cos-
mic shear cosmology (e.g., White 2004; Zhan & Knox
2004; Semboloni et al. 2011; Fedeli 2014; Fedeli et al.
2014; Debackere et al. 2020). In addition, substructures
or subhalos in dark matter halos may affect the mat-
ter power spectrum at very small scales, as studied in
Giocoli et al. (2010).
Following the literature, we consider effects of the stel-
lar component and subhalos, both of which can be im-
portant at very small scales, and ignore the effect of
the gas component. In presence of these components,
Equation (1) is rewritten as
ρ(x) =
∑
i
Mi [(1− fs)uh (x− xi|Mi) + fsus (x− xi|Mi)] ,
(5)
where
uh (x− xi|Mi) = 1− f∗ − fs
1− fs u (x− xi|Mi)
+
f∗
1− fsu∗ (x− xi|Mi) , (6)
us (x− xi|Mi) = 1
fsMi
∑
j
mjusub(x−xj |Mi,mj ,xj−xi),
(7)
f∗ and fs are mass fractions of stellar and subhalo com-
ponents, respectively, mj is the mass of the j-th sub-
halo, and u∗ and usub denote normalized density pro-
files of stellar and subhalo components, respectively. For
simplicity, throughout the paper we ignore the depen-
dence of usub on the position within a halo by setting
usub(x−xj |Mi,mj ,xj−xi) = usub(x−xj |Mi,mj). Re-
peating the similar calculation as done for the standard
halo model case (see Appendix A), we obtain
P 1h(k) = P 1h,hh(k) + P 1h,hs(k) + P 1h,ss(k), (8)
P 1h,hh(k) =
∫
dM
dn
dM
(
M
ρ¯
)2
(1− fs)2u2h(k|M), (9)
P 1h,hs(k) =
∫
dM
dn
dM
(
M
ρ¯
)2
2(1−fs)uh(k|M)I(k|M),
(10)
P 1h,ss(k) =
∫
dM
dn
dM
(
M
ρ¯
)2 [
I2(k|M) + J(k|M)] ,
(11)
where
I(k|M) =
∫
dm
dNM
dm
(m
M
)
usub(k|M,m)U(k|M,m),
(12)
J(k|M) =
∫
dm
dNM
dm
(m
M
)2
u2sub(k|M,m),
dNM/dm is the subhalo mass function within a halo
with mass M and U(k|M) is the Fourier transform of
the spatial distribution of subhalos U(x|M,m).
The stellar component u∗ actually consists of stars,
which indicates that the shot noise due to the discrete
nature of the stellar component may be important at
very small scales. Following the calculation in Ap-
pendix A, we include the shot noise from stars by re-
placing u2∗(k|M) to
u2∗(k|M)→ u2∗(k|M) +
1
N∗
, (13)
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where N∗ = f∗M/mstar denotes the total number of
stars in each halo with mass M and mstar is the mass of
each star. Here we assume that all stars share the same
mass for simplicity.
It is instructive to approximate the expressions above
further to understand their behavior. Simulations sug-
gest that the spatial distribution of subhalos approxi-
mately follows that of the smooth matter component.
If we simply assume U(k|M,m) ≈ uh(k|M), and use
the fact that usub(k|M,m) ∼ 1 when U(k|M,m) takes
large values, we obtain I(k|M) ≈ fsuh(k|M). Under
this approximation the 1-halo power spectrum is further
simplified as
P 1h(k) ≈
∫
dM
dn
dM
(
M
ρ¯
)2 [
u2h(k|M) + J(k|M)
]
,
(14)
where the first term of the right hand side of Equa-
tion (14) corresponds to the 1-halo power spectrum
without any subhalo, and the dominant effect of the sub-
halo is given by the second term of the right hand side
of Equation (14), which represents the auto-correlation
of the matter distribution within each subhalo.
2.3. Model Ingredients
We adopt a smoothly truncated NFW profile studied
by Baltz et al. (2009, hereafter BMO) for the density
profile of main halos. Specifically we adopt the following
density profile
ρBMO(r) =
ρs
(r/rs)(1 + r/rs)2
(
r2t
r2 + r2t
)2
, (15)
which we parametrize by the virial mass M = Mvir,
the concentration parameter c = cvir = rvir/rs, and the
truncation radius τ = rt/rs. We adopt a fitting form of
the mass-concentration relation presented by Diemer &
Kravtsov (2015) with updates of fitting parameters by
Diemer & Joyce (2019) and the conversion from c200c
to cvir assuming an NFW profile. We then compute
ρs and rs for a given mass and redshift from the mass-
concentration relation and in a standard manner assum-
ing the NFW profile (i.e., ignoring the effect of the trun-
cation). We determine τ such that the total mass of the
BMO profile matches M i.e.,
fBMO(τ) = fNFW(c), (16)
fBMO(τ) =
τ2
[
(3τ2 − 1)(piτ − τ2 − 1) + 2τ2(τ2 − 3) ln τ]
2(τ2 + 1)3
,
(17)
fNFW(c) = ln(1 + c)− c
1 + c
. (18)
For typical values of c, we obtain τ ∼ (1.4 − 1.6)c
from this condition. The Fourier transform u(k|M) of
the normalized BMO profile is given in Appendix B
of Oguri & Hamana (2011). The procedure above en-
sures u(k|M) → 1 at k → 0. Since the BMO profile
is smoothly truncated, an oscillating feature in u(k|M),
which is seen in the Fourier transform of the NFW pro-
file truncated at r = rvir (e.g., Cooray & Sheth 2002),
is suppressed.
For the mass function dn/dM and halo bias b(M),
we adopt a model of Sheth & Tormen (1999) that is
reasonably accurate for wide mass and redshift ranges.
We need to specify the stellar mass fraction f∗ and the
density profile ρ∗(r) = f∗Mu∗(r) as a function of the
halo mass M in order to address baryonic effects. We
adopt the stellar mass–halo mass relation for all central
galaxies presented by Behroozi et al. (2019) as f∗. Note
that we adopt the mean stellar mass–halo mass relation,
which is computed from the median relation in Behroozi
et al. (2019) and assuming the log-normal distribution
with the scatter of 0.3 dex. We adopt the Hernquist
(1990) profile as the density profile of the stellar com-
ponent
ρ∗(r) =
f∗M
2pi(r/rb)(r + rb)3
, (19)
where rb is related with the effective radius as rb =
0.551re. Since it has been shown that galaxy sizes are
proportional to virial radii of their host halos for a wide
halo mass range (e.g., Kravtsov 2013; Kawamata et al.
2015; Huang et al. 2017; Kawamata et al. 2018; Kravtsov
et al. 2018; Zanisi et al. 2020), in this paper we simply
assume
re = 0.006rvir, (20)
at z = 0, and it evolves with redshift with ∝ (1 + z)−1
that roughly matches the observed redshift evolution of
galaxy sizes. The Fourier transform of the normalized
density profile is given by
u∗(k|M) = 1−xCi(x) sinx− 1
2
x [pi − 2Si(x)] cosx, (21)
where x = krb(1 + z) and Si(x) and Ci(x) are sine and
cosine integrals, respectively. The shot noise from stars
(equation 13) is computed assuming the star mass of
mstar = 0.5 M.
We also need a model of subhalos. We adopt a simple
analytic model presented in Appendix B to compute the
mass function and the density profile of subhalos. We
assume that their radial distribution within each halo
follows that of the smooth dark matter distribution i.e.,
the BMO profile U(k|M,m) = u(k|M). We adopt the
BMO profile also for the mass distribution of each sub-
halo but with different model parameters from those of
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Figure 1. Comparison of the Fourier transform of the halo
density profile u2(k|M) at z = 0 with and without effects
of baryon and subhalos. From left to right, we show re-
sults for halos with mass M = 1015h−1M, 1012h−1M,
and 109h−1M, respectively. Thin solid lines corresponds to
the case with only the smooth main halo, dashed and dot-
ted lines are after adding stellar components and subhalos,
respectively, and thick solid lines show the case with both
stellar components and subhalos are included. Here the shot
noise from stars is not included.
main halos, as detailed in Appendix B. Similarly to main
halos, we consider baryonic effects for subhalos as well
using the mean stellar mass–halo mass relation for all
satellite galaxies presented by Behroozi et al. (2019).
We estimate subhalo masses before tidal stripping mf
(see Appendix B for more details) as a proxy of the
peak mass in Behroozi et al. (2019) to derive the stellar
mass fraction of subhalos, f s∗. The Fourier transform of
the normalized subhalo density profile is given by
usub(k|M,m) = (1−f s∗)u(k|m,M)+f s∗u∗(k|mext), (22)
where u(k|m,M) is the Fourier transform of the normal-
ized BMO profile with total mass m, the concentration
parameter csub, and truncated at r
ave
t , and u∗(k|mext)
is given by Equation (21) with rb computed from mf .
2.4. Some Examples
Before presenting examples of calculations of matter
power spectra, in Figure 1 we show the Fourier trans-
form of the halo density profile with and without effects
of baryon and subhalos. The Figure indicates that both
subhalos and baryonic stellar components significantly
enhance the small scale power of individual halo density
profiles. Baryonic effects depend sensitively on the halo
mass, reflecting the halo mass dependence of the stellar
mass–halo mass relation. While the effects of baryon
10−2 10−1 100 101 102 103 104 105 106 107 108
k [hMpc−1]
10−1
100
101
102
103
104
k
2
P
(k
)
[h
−1
M
p
c]
z = 0 smooth halo
w/ baryon
w/ subhalo
all
Figure 2. Comparison of matter power spectra P (k) at
z = 0 with and without effects of baryon and subhalos. Lines
are same as in Figure 1.
10−2 10−1 100 101 102 103 104 105 106 107 108
k [hMpc−1]
10−2
10−1
100
101
102
103
104
k
2
P
(k
)
[h
−1
M
p
c]
M/h−1M¯ = [1014, 1016], [1012, 1014], ..., [10−2, 100]
Figure 3. Contributions from halos with different masses
to the matter power spectrum P (k) at z = 0. From left to
right thin lines, we show contributions in the 2 dex mass
range from higher to lower masses of halos. Here we show
contributions from main halos only i.e., without subhalos but
including baryonic effects.
are more pronounced at M ∼ 1012h−1M, the effects
of subhalos are more significant for very high and low
mass halos.
Figure 2 shows matter power spectra at z = 0 com-
puted from the halo model presented above. We show
k2P (k) because it represents contributions to gravita-
tional lensing dispersions per ln k. We find that effects
of baryon and subhalos are significant at k & 10hMpc−1.
In our model, the effects of baryon (stellar compo-
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10−1
100
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102
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−1
M
p
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m/h−1M¯ = [1012, 1014], [1010, 1012], ..., [10−2, 100]
Figure 4. Similar to Figure 3, but contributions from sub-
halos with different masses are shown. To isolate effects of
subhalos, here we include only the J(k|M) term in Equa-
tion (11) to compute these contributions.
nents) are dominated at 10hMpc−1 . k . 105hMpc−1
and k & 107hMpc−1, and interestingly the effects of
subhalos dominates at k ∼ 106hMpc−1. This indi-
cates that observations of the matter power spectrum
at k ∼ 106hMpc−1 would probe dark low mass halos.
We note that the increase of k2P (k) at k & 107hMpc−1
is due to the shot noise from stars as described in Equa-
tion (13).
To check the possibility of studying dark low mass ha-
los more explicitly, we study contributions of the matter
power spectrum from different halo and subhalo masses.
The results shown in Figures 3 and 4 indicate that halos
and subhalos with masses 1h−1M . M . 104h−1M
most contribute to the matter power spectrum at k ∼
106hMpc−1. For such low mass halos and subhalos there
is virtually no star given the current knowledge of the
stellar mass–halo mass relation.
2.5. Comparisons with Other Results
We compare our halo model calculations with other
results of the matter power spectrum to check their
validity. One of the most popular models of the mat-
ter power spectrum without baryonic effects is the so-
called the halofit model, which is originally proposed
by Smith et al. (2003) and later improved by Taka-
hashi et al. (2012). The halofit model is essentially a
fitting formula whose functional form is motivated by
the halo model. In Takahashi et al. (2012), model pa-
rameters are calibrated by N -body simulation results at
k < 30hMpc−1. Ben-Dayan & Takahashi (2016) up-
dated the halofit model at high wavenumber further by
10−2 10−1 100 101 102 103 104 105 106
k [hMpc−1]
10−1
100
101
102
103
104
k
2
P
(k
)
[h
−1
M
p
c]
z = 0
z = 1
halofit (T12)
halofit (BT16)
halo model
Figure 5. Comparison of matter power spectra P (k) with-
out the baryonic effects computed from the halo model pre-
sented in this paper (dash-dotted) with the halofit models of
Takahashi et al. (2012, T12) (solid) and Ben-Dayan & Taka-
hashi (2016, BT16) (dashed). The comparisons are made at
redshift z = 0 (upper) and z = 1 (lower).
100 101 102 103
k [hMpc−1]
101
102
103
104
k
2
P
(k
)
[h
−1
M
p
c] z = 0
z = 1
w/ baryon
DM only
Figure 6. Comparison of matter power spectra P (k) com-
puted from the halo model presented in this paper with Illus-
trisTNG cosmological hydrodynamical simulations (Nelson
et al. 2018; Springel et al. 2018; Pillepich et al. 2018; Mari-
nacci et al. 2018; Naiman et al. 2018). Filled circles and filled
triangles show matter power spectra measured in TNG100-1
and TNG100-1-Dark, respectively, whereas solid and dashed
lines show halo model predictions with and without baryonic
effects, respectively. The comparisons are made at redshift
z = 0 (upper) and z = 1 (lower).
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recalibrating model parameters with N -body simulation
results at k < 300hMpc−1. In Figure 5, we compare
our halo model calculations without baryonic effects
with the halofit models of both Takahashi et al. (2012)
and Ben-Dayan & Takahashi (2016). We find that at
k < 30hMpc−1 and k < 300hMpc−1 our halo model
results agree well with the halofit models of Takahashi
et al. (2012) and Ben-Dayan & Takahashi (2016), respec-
tively. At higher wavenumber k, however, disagreements
between different models get quite large. Since our halo
model is built on well-known properties of halos, we be-
lieve our halo model predicts the matter power spectrum
at high k much more accurately than the halofit models
for which calculations of matter power spectra at high
k have to rely on extrapolations of the fitting formulae.
To check the validity of our halo model including the
baryonic stellar components, we need to compare our
results with matter power spectra measured in cosmo-
logical hydrodynamical simulations. For this purpose,
we measure matter power spectra from IllustrisTNG
cosmological hydrodynamical simulations (Nelson et al.
2018; Springel et al. 2018; Pillepich et al. 2018; Mari-
nacci et al. 2018; Naiman et al. 2018). Specifically, we
measure matter power spectra for both TNG100-1 (with
baryonic effects) and TNG100-1-Dark (without baryonic
effects) that are publicly available and have the box size
of (110.7 Mpc)3. Figure 6 compares P (k) from the halo
model and IllustrisTNG cosmological hydrodynamical
simulations. We find that halo model predictions agree
reasonably well with matter power spectra from Illus-
trisTNG up to k ∼ 103hMpc−1. We thus conclude that
our halo model is suited form studying the behavior of
the matter power spectrum at very high k.
2.6. Contribution of Strong Lensing
Figure 3 suggests that the matter power spectrum at
k ∼ 103hMpc−1 is dominated by the stellar mass compo-
nents of halos with M ∼ 1013h−1M or so. The central
region of such halos is known to be a typical site for
strong gravitational lensing. Thus gravitational lensing
dispersions caused by such component must be highly
non-Gaussian i.e., only a tiny fraction of strong lens-
ing events dominate the signal, which complicates the
analysis in observations. For instance, that highly non-
Gaussian component does not contribute to the gravi-
tational lensing dispersion once strongly lensed events,
which can be identified in observations relatively easily,
are removed from the sample to derive the dispersion
(e.g., Hada & Futamase 2016, 2019).
We evaluate the significance of such highly non-
Gaussian contributions corresponding to strong lensing
as follows. We compute the matter power spectrum in-
10−2 10−1 100 101 102 103 104 105 106 107 108
k [hMpc−1]
10−1
100
101
102
103
104
k
2
P
(k
)
[h
−1
M
p
c]
all
SL removed
Figure 7. Effects of removing central regions of halos that
can produce strong lensing. The solid line shows the original
halo model matter power spectrum at z = 0, whereas the
dashed line shows the result after removing those central
regions following Equation (23).
cluding a suppression of centers of halos within Einstein
radii of a typical strong lensing configuration. Specif-
ically, we modify the Fourier transform of the halo
density profile as
u(k)→ u(k) exp (−k2R2Ein,fid) , (23)
where u refers to both uh and usub, REin,fid indicates
the comoving Einstein radius of a singular isothermal
sphere with a fixed lens redshift z = 0.5 and source
redshift zs =∞
REin,fid = 4pi
(σv
c
)2
χ(z = 0.5), (24)
with σv being the velocity dispersion that is estimated
from the stellar mass M∗ (i.e., f∗M for halos and
f s∗m for subhalos) using the observed scaling relation
log(σv[km s
−1]) = −1.4 + 0.33 log(M∗[M]) (Quimby
et al. 2014). In this model, the Einstein radius reduces
to zero when halos contain no star, which is reasonable
approximation because the NFW profile alone has a neg-
ligibly small Einstein radius in the low mass limit (see
e.g., Oguri 2019).
We show the result in Figure 7. As expected, the mat-
ter power spectrum at 102hMpc−1 . k . 105hMpc−1
is significantly affected by removing strong lensing re-
gions of halos. In contrast, the matter power spec-
trum k ∼ 106hMpc−1 is mostly unaffected, indicating
that contributions from such highly non-Gaussian strong
lensing regions are not dominant.
Since the contribution of strong lensing is not dras-
tic in the wavenumber range of our interest, in what
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follows we compute P (k) without removing strong lens-
ing regions unless otherwise stated. We give additional
discussions on effects of strong lensing in Section 4.2.
2.7. Effects of Primordial Black Holes
Primordial Black Holes (PBHs) are black holes gen-
erated in the early Universe and are a viable candidate
of dark matter (see e.g., Sasaki et al. 2018; Carr et al.
2020, for reviews). Here we investigate effects of PBHs
on the small-scale matter power spectrum.
First, as in the case of stars, the shot noise from PBHs
affects the power spectrum. Denoting the total mass
fraction of PBHs to dark matter as fPBH = ΩPBH/ΩDM
where ΩDM = Ωm − Ωb and the mass of each PBH as
MPBH, the comoving number density of PBHs is written
as
n¯PBH = 7.224× 1010(hMpc−1)3
×fPBH
(
ΩDM
0.26
)(
MPBH
1h−1M
)−1
. (25)
The contribution of the shot noise to the matter power
spectrum is simply given by
∆Pshot(k) =
f2PBH
n¯PBH
. (26)
Previous studies suggest that the Poisson fluctuation of
the PBH number density can be interpreted as an isocur-
vature perturbation (e.g., Afshordi et al. 2003; Gong &
Kitajima 2017; Inman & Ali-Ha¨ımoud 2019). We write
the isocurvature power spectrum due to the Poisson fluc-
tuation as
∆Piso(k) = {D+(z)Tiso(k)}2 f
2
PBH
n¯PBH
, (27)
where the transfer function is approximated by
Tiso(k) =
 32 (1 + zeq) (keq < k < 0.1k∗),0 (otherwise), (28)
where zeq is the redshift at the matter-radiation equality
and keq = c
−1H(zeq)(1 + zeq)−1 is the inverse of the co-
moving Hubble horizon size at z = zeq. We truncate the
transfer function at k & k∗, where k∗ = (2pi2n¯PBH)1/3 is
the inverse of the length scale within which there is on
average one PBH and is given by
k∗= 1.126× 104hMpc−1
×f1/3PBH
(
ΩDM
0.26
)1/3(
MPBH
1h−1M
)−1/3
, (29)
because the discreteness effects of PBHs become impor-
tant as such small scales. For instance, the fluid approx-
imation used for the calculation of the evolution of the
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Figure 8. The enhancement of the halo mass function
dn/d lnM due to PBHs i.e., the ratio of dn/d lnM with
PBHs to dn/d lnM without PBHs. The mass of PBHs is
fixed to MPBH = 10 M, whereas the total mass fractions
are fPBH = 1 (solid), 10
−1 (dashed), and 10−2 (dotted).
isocurvature density fluctuations clearly breaks down at
k & k∗. In addition, halos containing the small (. 103)
number of PBHs may be evaporated due to the relax-
ation (Afshordi et al. 2003). We approximately take ac-
count of these effects by truncating the transfer function
at k > 0.1k∗.
We include the effects of PBHs in our calculation of
the nonlinear matter power spectrum as follows. First,
we add the contribution of the isocurvature perturba-
tion (equation 27) to the standard adiabatic linear mat-
ter power spectrum to compute the square root of the
mass variance σ(M). By doing so the effect of PBHs is
included in the mass functions of main halos and subha-
los, as well as the concentration parameter of main ha-
los. We show examples of modifications of the halo mass
function due to the isocurvature perturbation in Fig-
ure 8. After computing the nonlinear matter power spec-
trum using the halo model, we add the shot noise con-
tribution (equation 26) to the nonlinear matter power
spectrum.
We show several examples in Figures 9 and 10. We
find that PBHs can significantly enhance the small scale
matter power spectrum at k & 105hMpc−1 due to the
enhanced number of dark low mass halos as well as the
shot noise from PBHs. Thus observations of small scale
matter power spectra not only directly probe dark low
mass halos but also can constrain the mass and abun-
dance of PBHs.
3. GRAVITATIONAL LENSING DISPERSIONS
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Figure 9. Effects of PBHs on the matter power spectrum
P (k) at z = 0 assuming MPBH = 10 M. The total mass
fractions are fPBH = 1 (dotted), 10
−1 (solid), 10−2 (dashed),
and 10−3 (dash-dotted).
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Figure 10. Similar to Figure 9, but the total mass fraction
is fixed to fPBH = 10
−1 and masses of PBHs of MPBH =
102 M (dotted), MPBH = 10 M (solid), MPBH = 1 M
(dashed), and MPBH = 10
−1 M (dash-dotted) are consid-
ered.
3.1. Geometric Optics Case
Geometric optics provides a good approximation for
calculating gravitational lensing dispersions of tradi-
tional astronomical sources such as supernovae. In this
case the dispersion of convergence smoothed over the
angular size βs is given by (e.g., Takahashi et al. 2011)
〈κ2s 〉 =
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)W 2s (kχβs), (30)
0 1 2 3
zs
0.00
0.05
0.10
√ 〈κ
2 s
〉
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Figure 11. Gravitational lensing dispersions (equation 30)
as a function of the source redshift zs for the geometric optics
case, assuming a compact source size of βs = 10
−3 arcsec.
We show results using our halo model including effects of
baryon and subhalos (solid), our halo model but the contri-
bution of strong lensing is removed following the prescription
in Section 2.6 (dotted), the halofit model of Takahashi et al.
(2012, T12) (dashed), and the halofit model of Ben-Dayan &
Takahashi (2016, BT16) (dash-dotted).
where χ is the radial distance, χs is the radial distance to
the source, the W (χ) is a lensing weight function given
by (note that ρ¯ here is the comoving matter density)
W (χ) =
4piG
c2
ρ¯a−1
χ(χs − χ)
χs
, (31)
and Ws(x) is a smoothing kernel for which we assume a
top-hat filter
Ws(x) =
2J1(x)
x
. (32)
In most cases, the dispersion of magnification rather
than that of convergence is observed. For a similarly
smoothed magnification µs, a weak lensing approxima-
tion
µs ≈ 1 + 2κs, (33)
is expected to hold when |µs − 1|  1, and in this case
we simply have 〈(µs − 1)2〉 ≈ 4〈κ2s 〉.
Figure 11 shows examples of dispersions of conver-
gence computed using our halo model as well as the
halofit model. We find that our halo model including
baryonic effects predicts significantly larger dispersions
than halofit model predictions for which baryonic effects
are not included. However, as discussed in Section 2.6,
the significant fraction of the enhancement by baryonic
effects comes from centers of massive galaxies that pro-
duce strong lensing. Once such regions are removed from
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the calculation of the matter power spectrum (see Sec-
tion 2.6 for more details), we find that gravitational lens-
ing dispersions from our halo model with baryonic effects
approximately match those from the halofit model for
which baryonic effects are not included.
3.2. Wave Optics Case
The propagation of gravitational waves in the inho-
mogeneous density field has been studied in the liter-
ature, which indicates that density fluctuations below
the Fresnel scale ∼ (fχs)1/2 (Macquart 2004; Takahashi
et al. 2005; Takahashi 2006) are subject to the wave ef-
fect and does not affect the propagation of gravitational
waves due to diffraction effects. We provide detailed
calculations in Appendix C, and here we give a short
summary. We denote φ0obs(f) as observed gravitational
waves at frequency f in absence of gravitational lens-
ing and φobs(f) as observed gravitational waves with
gravitational lensing effects. Adopting the weak lensing
approximation, gravitational lensing effects can be de-
scribed by small amplitude and phase shifts K(f) and
S(f)
φobs(f)
φ0obs(f)
≈ [1 +K(f)] eiS(f). (34)
In the geometric optics limit K(f) and S(f) reduce to
convergence and gravitational time delay, respectively.
Dispersions of K(f) and S(f) are computed as
〈K2(f)〉 =
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)F 2K , (35)
F 2K =
sin(r2Fk
2/2)
r2Fk
2/2
, (36)
〈S2(f)〉 =
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)F 2S , (37)
F 2S =
cos(r2Fk
2/2)− 1
r2Fk
2/2
, (38)
where rF denotes the Fresnel scale (Macquart 2004;
Takahashi et al. 2005; Takahashi 2006)
rF =
√
cχ(χs − χ)
2pifχs
. (39)
Equation (35) suggests that the Fresnel scale can be
interpreted as an effective source size, as is also discussed
in Appendix D.
As discussed in Appendix C, K(f) and S(f) can be
measured by comparing inspiral waveforms at different
frequencies〈
[K(f1)−K(f2)]2
〉
=
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)F 2K,12,
(40)
FK,12 =
sin(r2F1k
2/2)
r2F1k
2/2
− sin(r
2
F2k
2/2)
r2F2k
2/2
, (41)
〈
[S(f1)− S(f2)]2
〉
=
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)F 2S,12,
(42)
FS,12 =
cos(r2F1k
2/2)− 1
r2F1k
2/2
− cos(r
2
F2k
2/2)− 1
r2F2k
2/2
, (43)
where rF1 and rF2 denote the Fresnel scales (equa-
tion 39) evaluated at frequency f1 and f2, respectively.
We can also consider the cross-correlation between K(f)
and S(f) as
〈[K(f1)−K(f2)] [S(f1)− S(f2)]〉
=
∫ χs
0
dχW 2(χ)
∫
k dk
2pi
P (k)FK,12FS,12. (44)
We show some examples in Figures 12. Since the Fres-
nel scale is proportional to f−1/2 (see equation 39), at
lower frequency the dispersion probe the matter power
spectrum at smaller k. Effects of baryon are minimized
around the frequency of f ∼ 0.1 Hz, where the matter
power spectrum at k ∼ 106hMpc−1 is probed. At fre-
quency higher than f ∼ 0.1 Hz, the dispersion quickly
increases because of the shot noise from stars. Gravi-
tational wave observations around f ∼ 0.1 Hz will be
conducted by e.g., B-DECIGO (Nakamura et al. 2016).
However, expected dispersions are small, O(10−3), sug-
gesting that high S/N observations for many events are
needed to detect the dispersions. Some discussions on
the detectability are given in Section 4.1.
3.3. Enhancement due to Primordial Black Holes
As shown in Section 2.7, the presence of PBHs can sig-
nificantly enhance the matter power spectrum at high k,
suggesting that observations of gravitational lensing dis-
persions of gravitational waves can be used to constrain
the abundance of PBHs. We explore this possibility us-
ing our model of the matter power spectrum presented
in Section 2.7.
We show results in Figures 13 and 14. Here we
consider two combinations of frequency ranges, from
f1 = 0.1 Hz and f2 = 1 Hz corresponding to space ob-
servations of gravitational waves (Figure 13), and from
f1 = 10 Hz and f2 = 100 Hz corresponding to ground
observations of gravitational waves (Figure 14). We find
that the enhancement of gravitational lensing dispersion
by PBHs is indeed significant, more than an order of
magnitude in some cases. The enhancement is particu-
larly large for f1 = 10 Hz and f2 = 100 Hz, for which
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Figure 12. Left: Gravitational lensing dispersion of the gravitational wave amplitude (equation 40) for zs = 1 (solid) and zs = 3
(dashed) as a function of f1. The frequency f2 is fixed to f2 = 10f1. Thick and thin lines show calculations with and without
baryonic effects, respectively. Right: Similar to the left panel, but for gravitational lensing dispersion of the gravitational wave
phase (equation 42).
the shot noise from PBHs dominates gravitational lens-
ing dispersion (see also Section 2.7). Weak lensing by
the shot noise is discussed further in Section 4 and Ap-
pendix D. Since the shot noise power spectrum (equa-
tion 26) is ∆Pshot(k) = f
2
PBH/n¯PBH ∝ fPBHMPBH for a
fixed ΩDM, gravitational lensing dispersions at the shot
noise dominated region behave as ∝ √fPBHMPBH as
shown in Figure 14.
4. DISCUSSIONS
4.1. Detectability
For each gravitational wave event, we can measure
amplitude and phase fluctuations with an accuracy of
∼ 1/ρ, where ρ denotes the signal-to-noise ratio of the
gravitational wave observation (Lindblom et al. 2008).
Unless gravitational lensing dispersions are significantly
boosted by PBHs, its typical value is O(10−3), indicat-
ing that ρ & 103 is needed to directly measure amplitude
and phase shifts due to gravitational lensing for individ-
ual gravitational wave events. We use the calculation
method described in Oguri (2018) to estimate ρ for the
chirp mass of 30 M and the redshift of 1 and find that
ρ ∼ 30 for B-DECIGO and ρ ∼ 60 for Einstein Tele-
scope. Therefore measurements of gravitational lensing
dispersions are likely to be achieved by combining ob-
servations of many gravitational wave events. For in-
stance, by combining Nevent gravitational wave events,
we can measure amplitude and phase dispersions down
to∼ (2/Nevent)1/4(1/ρ), suggesting thatNevent = 3×105
with ρ = 50 leads to the measurement of the dispersion
at the level of 10−3. The required number is large but
can be achieved by next-generation gravitational wave
experiments. Alternatively, observations of the modest
number of events with very sensitive space based grav-
itational wave detectors such as DECIGO (Seto et al.
2001) may allow us to measure gravitational lensing dis-
persions.
We note that measurements of gravitational lensing
dispersions do not necessarily require measurements of
redshifts of individual gravitational wave events. For in-
stance, by considering the ratio of strain amplitudes at
different frequencies the dependence on the distance to
the gravitational wave source cancels out. The depen-
dence on antenna pattern functions also cancels out if
the frequency evolution is much faster than the change
of antenna pattern functions with time. The dispersion
of phases may also be measured without knowing the
distance to the source, although the degeneracy with
binary model parameters may be in issue. We leave de-
tailed studies of measurements of gravitational lensing
dispersions in a realistic setup for future work.
4.2. Validity of Weak Lensing Approximation
Since our results rely on the weak lensing approx-
imation, it is important to check the validity of the
approximation. This is partly done in Section 2.6 in
which the matter power spectrum at k ∼ 106hMpc−1,
which is responsible for gravitational lensing dispersions
at f ∼ 0.1− 1 Hz, is shown to be largely unaffected by
removing central regions of galaxies that can produce
strong lensing. This is because the matter power spec-
trum at k ∼ 106hMpc−1 mostly originates from halos
and subhalos with masses 1h−1M .M . 104h−1M.
Such low mass halos do not contain stars, and the con-
vergence κ of such halos computed from the NFW (or
BMO) profile is quite low because it is proportional to
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Figure 13. Gravitational lensing dispersions of gravitational wave amplitude (equation 40) and phase (equation 42) are shown
in left and right panels, respectively. Upper panels show results at zs = 1 and lower panels show results at zs = 3. Frequencies
are fixed to f1 = 0.1 Hz and f2 = 1 Hz. In each panel, gravitational lensing dispersions as a function of PBH fraction fPBH for
several different PBH masses are shown.
ρsrs ∝ rvirc2/fNFW(c). Given the weak dependence of c
on the halo mass, κ is a increasing function of the mass
such that κ 1 even at the very central region for halos
and subhalos with masses 1h−1M .M . 104h−1M.
Thus we can safely adopt the weak lensing approxima-
tion for lensing by dark low mass halos.
When the shot noise contribution to the matter power
spectrum is dominant, it is important to make sure that
gravitational lensing by individual stars or PBHs is not
strong. This condition is written as (see also equa-
tion D67)
w =
(
REin
rF
)2
= 2pif(1 + z)
4Gmp
c3
< 1, (45)
where REin is the Einstein radius (equation D62) andmp
refers to either individual mass of stars mstar or individ-
ual mass of PBHs MPBH. This condition translates into
mp < 81(1+z)
−1(f/100 Hz)−1M, where f = 100 Hz is
the highest frequency considered in this paper. There-
fore, the weak lensing approximation is reasonable for all
the situations consider in the paper, except for the case
with the PBH mass MPBH = 100 M and the frequency
range f = 10 − 100 Hz for which the weak lensing ap-
proximation is partly broken and thus the result should
be taken with caution.
4.3. Degree of Non-Gaussianity
Another question to ask is how well the distributions
of K and S are described by Gaussian. For instance,
if the signal is dominated by a tiny fraction of strong
lensing events the resulting distribution is quite non-
Gaussian as partly discussed in Section 2.6. While this
can be studied by computing higher-order statistics such
as skewness and kurtosis, here we make a simple eval-
uation of the degree of non-Gaussianity based on the
average number of lenses that contribute to the disper-
sion. Discussions in Appendix D indicate that lenses
that fall within the Fresnel scale contribute to the dis-
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Figure 14. Similar to Figure 13, but for frequencies f1 = 10 Hz and f2 = 100 Hz.
persion when the weak lensing approximation is valid.
When the average number of lenses is much large than
unity, the central limit theorem assures that the distri-
bution is close to the Gaussian distribution, whereas the
average number is small, say less than unity, we expect
the distribution with a significant skewness.
The average number N¯proj of any lenses with the co-
moving number density n¯, which is assumed to be in-
dependent of redshift for simplicity, within the Fresnel
scale integrated along the line-of-sight is given by
N¯proj =
∫ χs
0
dχ 4r2Fn¯ = VFn¯, (46)
where the origin of the prefactor 4 in the right hand
size is discussed in Appendix D. We find VF ≈ 3.70 ×
10−9(f/1 Hz)−1(h−1Mpc)3 for zs = 1 and VF ≈ 1.36 ×
10−8(f/1 Hz)−1(h−1Mpc)3 for zs = 3. On the other
hand, the number density of dark low mass halos with
1h−1M . M . 104h−1M is ∼ 108(h−1Mpc)−3.
Thus we expect a moderately skewed distribution for
gravitational lensing dispersions at f ∼ 0.1 − 1 Hz by
dark low mass halos at least when zs . 3. Since the
volume VF increases with increasing source redshift zs,
the distribution should approach to the Gaussian distri-
bution for very high source redshift zs.
In the case of gravitational lensing dispersions pro-
duced by the shot noise, we can use e.g., equation (25)
to estimate the average number N¯proj, e.g.,
N¯proj ≈ 270
(
f
1 Hz
)−1
fPBH
(
MPBH
1h−1M
)−1
, (47)
for zs = 1, and
N¯proj ≈ 980
(
f
1 Hz
)−1
fPBH
(
MPBH
1h−1M
)−1
, (48)
for zs = 3. Thus in the range of parameters we examine
in this paper there are both cases with N¯proj > 1 and
N¯proj < 1. We note that when N¯proj  1 the situation is
close to the one considered by Zumalaca´rregui & Seljak
(2018) in which the non-Gaussian magnification proba-
bility distribution function due to gravitational lensing
by single PBH masses is used to constrain the abundance
of PBHs.
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For both dark low mass halos and PBHs, there are
cases when single events dominate the signal depend-
ing on frequencies of gravitational waves and the mass
of lenses. In such cases, it may be possible to detect
individual weak lensing events directly by making use
of the wavelength dependence of the signal. For in-
stance, the amplitude is affected by weak lensing as
Equations (D67) and (D69), which indicates that weak
lensing may be detected via the modulation of the am-
plitude as a function of frequency that is proportional to
w ∝ f (for PBH) if the signal-to-noise ratio of the grav-
itational wave observation is sufficiently high (see also
Section 4.1). This possibility is partly studied in Dai
et al. (2018a) assuming a singular isothermal sphere as
a lens and is worth exploring more in various setups.
5. CONCLUSION
In this paper we have explored the possibility of using
gravitational lensing dispersions of gravitational waves
to probe the matter power spectrum at very high k i.e.,
very small scales. For this purpose we have analyzed the
small scale behavior of the matter power spectrum using
the halo model, including effects of baryon and subha-
los. We have confirmed that our halo model predictions
agree reasonably well with results of IllustrisTNG cos-
mological hydrodynamical simulations. Using this halo
model that is built on well-studied halo properties and
the stellar mass–halo mass relation, we study the mat-
ter power spectrum at k > 103hMpc−1 that has been
poorly explored before. We find that the matter power
spectrum at k ∼ 106hMpc−1 is relatively insensitive to
baryon effects and is dominated by dark low mass halos
with 1h−1M . M . 104h−1M. We have also found
that the matter power spectrum at k & 105hMpc−1 can
be significantly enhanced by PBHs due to the enhanced
halo formation as well as the shot noise from PBHs.
Using the halo model power spectrum we have com-
puted frequency dependent gravitational lensing disper-
sions of gravitational waves. The frequency dependence
originates from the wave optics nature of the propaga-
tion of gravitational waves. We have found that lens-
ing dispersions of the amplitude and phase of gravi-
tational waves are O(10−3) in the frequency range of
f ∼ 10−3 − 100 Hz for source redshifts of zs ∼ 1 − 3.
In particular, the frequency range of f ∼ 0.1 − 1 Hz
is found to be a window appropriate for detecting dark
low mass halos with 1h−1M .M . 104h−1M. PBHs
with M & 0.1 M can enhance gravitational lensing dis-
persions more than an order of magnitude, when they
constitute a significant fraction of dark matter. At the
frequency range of f ∼ 10− 100 Hz, which corresponds
to frequencies of ground observations of gravitational
waves, gravitational lensing dispersions are dominated
by the shot noise from PBHs and therefore serve as a
useful probe of PBHs.
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APPENDIX
A. HALO MODEL CALCULATIONS
Here we summarize the derivations of the halo model power spectrum both in the standard case (Section 2.1) and
with modifications including stellar components and subhalos (Section 2.2).
First, we derive the standard halo model power spectrum. We start with Equation (1) and rewrite it as
ρ(x) =
∑
i
∫
dM
∫
dx′δD(M −Mi)δD(x′ − xi)M u (x− x′|M) , (A1)
where δD denotes the Dirac delta function. The halo mass function dn/dM is given by
dn
dM
=
〈∑
i
δD(M −Mi)δD(x′ − xi)
〉
, (A2)
from which it is shown that
〈ρ(x)〉 =
∫
dM M
dn
dM
= ρ¯, (A3)
where ρ¯ is the mean comoving density of the Universe. We now consider density fluctuations. Their expressions in
real and Fourier spaces are given as
δ(x) =
ρ(x)
ρ¯
− 1, (A4)
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δ(k) =
∫
dx δ(x) e−ik·x. (A5)
From Equation (A1), δ(k) is calculated as
δ(k) =
1
ρ¯
∑
i
∫
dM
∫
dx δD(M −Mi)δD(x− xi)M u (k|M) e−ik·x, (A6)
where u (k|M) = u (k|M) assuming a statistically spherical symmetric halo shape is the Fourier transform of the
normalized density profile u(x|m). From this expression, we compute the correlation of δ(k)
〈δ(k)δ(k′)〉 = V δD(k + k′)P (k), (A7)
from which the power spectrum is computed as
P (k) =P 1h(k) + P 2h(k)
=
∫
dM
dn
dM
(
M
ρ¯
)2
u2(k|M) +
∫
dM1
dn
dM1
(
M1
ρ¯
)
u(k|M1)
∫
dM2
dn
dM2
(
M2
ρ¯
)
u(k|M2)Phh(k|M1,M2),(A8)
where 〈∑
i,j
δD(M −Mi)(M ′ −Mj)δD(x− xi)δD(x′ − xj)
〉
=
dn
dm1
dn
dm2
ξhh(|x− x′||M1,M2), (A9)
ξhh is the halo-halo correlation function, and Phh is its Fourier counterpart. In what follows we simply assume a linear
halo bias
Phh(k|M1,M2) = b(M1)b(M2)Plin(k), (A10)
where Plin(k) is the linear matter power spectrum. In this case the 2-halo term reduces to Equation (4).
Next we consider modifications of 1-halo term. Starting from Equation (5), the Fourier transform of the density
fluctuation is written as
δ(k) =
1
ρ¯
∑
i
∫
dM
∫
dx δD(M −Mi)δD(x− xi)(1− fs)M uh (k|M) e−ik·x
+
1
ρ¯
∑
i,j
∫
dM
∫
dm
∫
dx
∫
dx′δD(M −Mi)δD(m−mj)δD(x− xi)δD(x′ − xj)musub (k|M,m) e−ik·x′ ,(A11)
where we ignored the dependence of usub on the position within a halo i.e., usub(x− xj |Mi,mj ,xj − xi) = usub(x−
xj |Mi,mj). We also need to specify the subhalo mass function dNi/dm and their spatial distribution U(x−xi|Mi,m)
within the i-th halo, which is given in a manner similar to Equation (A2) as
dNi
dm
U(x′ − xi|Mi,m) =
〈∑
j
δD(m−mj)δD(x′ − xj)
〉∣∣∣∣∣∣
i
, (A12)
where they satisfy ∫
dmm
dNi
dm
= fsMi, (A13)∫
dxU(x− xi|Mi,m) = 1. (A14)
From these relations, it can be easily shown that 〈ρ(x)〉 = ρ¯ also for this modified 1-halo case. From Equations (A7)
and (A11), we can derive the 1-halo power spectrum as Equation (8).
As discussed in Section 2.2, the shot noise from stars can become important at very small scales. The effect is
evaluated by replacing u∗(x|M) as
u∗(x|M)→ us∗(x|M) =
1
N∗
∑
j
δD(x− xj), (A15)
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where for simplicity we assume that all stars share the same mass mstar and N∗ = f∗M/mstar denotes the total number
of stars in each halo with mass M . The following relation
N∗u∗(x|M) =
〈∑
j
δD(x− xj)
〉
, (A16)
ensures that 〈us∗(x|M)〉 = u∗(x|M). The Fourier transform of u∗ is modified as
u∗(k|M)→ us∗(k|M) =
1
N∗
∫
dx
∑
j
δD(x− xj)e−ik·x, (A17)
from which we obtain the effect of the shot noise as
〈us∗(k|M)us∗(−k|M)〉 = u∗(k|M)u∗(−k|M) +
1
N∗
. (A18)
That is, we can simply replace u2∗(k|M) with u2∗(k|M) + 1/N∗ to include the shot noise effect.
B. A SIMPLE ANALYTIC MODEL OF SUBHALOS
Analytic models of subhalos have been proposed in the literature (e.g., Lee 2004; Oguri & Lee 2004; van den Bosch
et al. 2005; Giocoli et al. 2008b,a; Han et al. 2016; Jiang & van den Bosch 2016; Hiroshima et al. 2018; Ando et al.
2019), in which important physical effects such as tidal stripping are taken into account. Here we present a new
analytic model of subhalos partly following Oguri & Lee (2004) in which both tidal stripping and dynamical frictions
are taken into account. We keep this model as simple as possible so that it can easily be computed numerically.
Following previous work we base our analytic model on the extended Press-Schechter theory (Bond et al. 1991;
Bower 1991; Lacey & Cole 1993), which predicts the number distribution of progenitors with mass mf at redshift zf
for a halo with mass M and redshift z as
dNEPS
dmf
=
M
mf
P (mf , zf |M, z)dmf , (B19)
P (mf , zf |M, z) = 1√
2pi
∆ω
∆S3/2
exp
(
−∆ω
2
2∆S
) ∣∣∣∣d∆Sdmf
∣∣∣∣ , (B20)
with ∆ω = δc(zf)−δc(z) and ∆S = σ2(mf)−σ2(M). We adopt δc(z) = (3/20)(12pi)2/3 {Ωm(z)}0.0055 /D+(z) (Navarro
et al. 1997) with D+(z) being the linear growth rate. The square root of the mass variance σ(M) is computed in the
standard way by integrating the linear matter power spectrum with a top-hat filter.
We evaluate Equation (B19) at the median formation time of each halo. Following Giocoli et al. (2007), we derive
the median formation time by solving the following equation
δc(zf) = δc(z) +
0.974√
q
√
σ2(ffM)− σ2(M), (B21)
where q = 0.707 and ff = 0.5.
We consider the effect of mass loss due to tidal stripping. We connect mf and m that refer to subhalo masses before
and after tidal stripping as follows
m = mf
fBMO(τ
ave)
fNFW (c(mf , zf))
, (B22)
τave =
ravet (m, ffM, zf)
rs(mf , c, zf)
, (B23)
ravet (m,M, z) =
∫
4pir2dr rt(r,m,M)U(r|M,m) =
∫
4pir2dr r
[
m
3M(< r)
]1/3
U(r|M,m), (B24)
where U(r|M,m) is the spatial distribution of subhalos and M(< r) is an enclosed mass of the host halo, both of
which we compute using the BMO profile.
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Figure 15. Left: Examples of subhalo mass functions as a function of the subhalo mass m at redshift z = 0 for three host halo
masses M . Right: Subhalo mass fractions fs as a function of the host halo mass M at several different redshifts.
We also take account of the dynamical friction. We adopt the following crude approximation of the dynamical
friction timescale (e.g., Mo et al. 2010)
tdf(m,M, z) = 2
M
m
rvir
Vvir(M)
, (B25)
where Vvir(M) =
√
GM/rvir. The prefactor of 2 is introduced to better reproduce the numerical results. We assume
that the subhalo mass function is suppressed by the following factor
fdf = exp
[
−
{
t(z)− t(zf)
tdf(mf , ffM, zf)
}2]
. (B26)
Finally we combine these results to compute the subhalo mass function as
dnM
dm
= fdf
dNEPS
dmf
dmf
dm
. (B27)
We model the density profile of subhalos by the BMO profile with the truncation radius ravet (m, ffM, zf) by that com-
puted above. For an accurate prediction of the scale radius of each subhalo, we use a fitting form of the concentration
parameter for subhalos csub by Ando et al. (2019, see also Moline´ et al. 2017; Ishiyama & Ando 2020). In order to
convert c200 to cvir we multiply it by [200/∆virΩm(z)]
1/3[H(z)/H0]
−2/3, where ∆vir is the virial overdensity computed
from the spherical collapse model (Nakamura & Suto 1997). Figure 15 shows examples of subhalo mass functions
dNM/dm as well as subhalo mass fractions fs.
C. WEAK GRAVITATIONAL LENSING IN WAVE OPTICS
Here we summarize weak gravitational lensing in wave optics, following and extending work by Takahashi et al.
(2005) and Takahashi (2006). Under the Born approximation, the observed wave at comoving spatial coordinate x
with comoving frequency f in the presence of gravitational potential Φ(x) is
φ(f,x) = φ0(f,x) + δφ(f,x), (C28)
δφ(f,x) = −4pif
2
c4
∫
dx′
e2piif |x−x
′|/c
|x− x′| Φ(x
′)φ0(f,x′), (C29)
where φ0(f,x) denotes the solution with Φ(x) = 0. Here we adopt a spherical coordinate in a flat Universe, x=(χ, r),
centered at the observer with a flat sky approximation, and assume that a spherical wave is emitted from a source at
18 Oguri and Takahashi
xs. Then φ
0(f,x) is given by
φ0(f,x) =
Ae2piif |x−xs|/c
|x− xs| . (C30)
Setting xs=(χs, 0) and assuming |r|  χ, the observed wave at x = 0 (i.e., δφobs(f) = δφ(f, 0)) is calculated as
δφobs(f) = −4pif
2A
c4
∫
dχ
∫
dr
Φ(χ, r)
χ(χs − χ)e
2piifχs/ce2piif∆t(χ,r), (C31)
∆t(χ, r) =
χs
cχ(χs − χ)
|r|2
2
. (C32)
We then consider the Fourier transform of the gravitational potential
Φ(χ, r) =
∫
dk‖
2pi
∫
dk⊥
(2pi)2
Φ(k‖,k⊥)eik‖χ+ik⊥·r. (C33)
Inserting this expression and using
∫
drei|r|
2
= ipi, we obtain
δφobs(f)
φ0obs(f)
= −4piif
c3
∫
dχ
∫
dk‖
2pi
∫
dk⊥
(2pi)2
Φ(k‖,k⊥) exp
[
ik‖χ− iχ(χs − χ)
4pifχs/c
|k⊥|2
]
. (C34)
We now consider the high-frequency limit (f →∞) that corresponds to the geometric optics limit. Using the following
approximation
exp
[
−iχ(χs − χ)
4pifχs/c
|k⊥|2
]
' 1− iχ(χs − χ)
4pifχs/c
|k⊥|2, (C35)
we obtain
δφobs(f)
φ0obs(f)
' −4piif
c3
∫
dχΦ(χ, 0) +
1
c2
∫
dχ
χ(χs − χ)
χs
∆rΦ|r=0 . (C36)
The first term of Equation (C36) represents a phase shift due to gravitational time delay ∆tg = −(2/c3)
∫
dχΦ(χ, 0),
whereas the second term of coincides with convergence κ. Thus we can rewrite Equation (C36) as
φobs(f)
φ0obs(f)
' (1 + 2piif∆tg + κ) ' (1 + κ) e2piif∆tg . (C37)
More generally, if we define
K(f) = Re
[
δφobs(f)
φ0obs(f)
]
, (C38)
S(f) = Im
[
δφobs(f)
φ0obs(f)
]
, (C39)
we have
φobs(f)
φ0obs(f)
' [1 +K(f)] eiS(f). (C40)
Note that we have a freedom to change the origin of time (intrinsic phase, which is unobservable) at the source such
that φ0obs(f)→ φ0obs(f)e2piift0 so that ∆tg is unobservable. However given a complex dependence on f in general the
effect of S(f) may be observed.
The limit f →∞ corresponds to the situation that only light paths around r = 0 (solution in the geometric optics
limit given the Born approximation) contribute. To see this, we Taylor-expand the gravitational potential
Φ(χ, r) = Φ(χ, 0) +
r21
2
∂2Φ
∂r21
∣∣∣∣
r=0
+
r22
2
∂2Φ
∂r22
∣∣∣∣
r=0
+O(r3), (C41)
where r = (r1, r2) and terms that disappear after the integration in Equation (C31) are not shown. Inserting this
expression to Equation (C31), we obtain
δφobs(f)
φ0obs(f)
= −4pif
2
c4
∫
dχ
∫
dr
χsΦ(χ, r)
χ(χs − χ)e
2piif∆t(χ,r) = −4piif
c3
∫
dχΦ(χ, 0) +
1
c2
∫
dχ
χ(χs − χ)
χs
∆rΦ|r=0 , (C42)
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where we used
∫∞
−∞ dxe
ix2 =
√
ipi and
∫∞
−∞ dxx
2eix
2
= −√ipi/(2i). We see that Equation (C42) is same as Equa-
tion (C36).
We now consider correlations of K(f) and S(f). Denoting η = δφobs(f)/φ
0
obs(f), we have
〈K2(f)〉 = 1
2
[〈ηη∗〉+ Re(〈η2〉)] , (C43)
〈S2(f)〉 = 1
2
[〈ηη∗〉 − Re(〈η2〉)] . (C44)
Also the gravitational potential is related with density fluctuations by the following Poisson equation
−k2Φ(k) = 4piGρ¯a−1δ(k), (C45)
and the matter power spectrum is calculated as 〈δ(k)δ(k′)〉 = (2pi)3δD(k + k′)P (k). Therefore,
〈Φ(k)Φ(k′)〉 = (2pi)3δD(k + k′)
(
4piGρ¯a−1
k2
)2
P (k). (C46)
We first compute 〈ηη∗〉 as
〈ηη∗〉 =
(
4pif
c3
)2 ∫
dχ
∫
dχ′
∫
dk‖
2pi
∫
dk⊥
(2pi)2
(
4piGρ¯a−1
k2
)2
P (k)eik‖(χ−χ
′) exp
[
−i
{
χ(χs − χ)
4pifχs/c
− χ
′(χs − χ′)
4pifχs/c
}
|k⊥|2
]
.
(C47)
For any g(k) that is a smooth function of k, we can use the following Limber approximation∫
dk‖
2pi
g(k)eik‖(χ−χ
′) ' δD(χ− χ′)g(|k⊥|), (C48)
to simplify the expression above as
〈ηη∗〉 =
(
4pif
c3
)2 ∫
dχ
∫
dk⊥
(2pi)2
(
4piGρ¯a−1
|k⊥|2
)2
P (|k⊥|). (C49)
We simplify this expression using the lensing weight function W (χ) defined in Equation (31) and is the Fresnel scale
rF defined in Equation (39)
〈ηη∗〉 =
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
(
2
r2F|k⊥|2
)2
P (|k⊥|). (C50)
Similarly, 〈η2〉 is evaluated as
〈η2〉 = −
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
(
2
r2F|k⊥|2
)2
e−ir
2
F|k⊥|2P (|k⊥|). (C51)
Therefore, we obtain
〈K2(f)〉 =
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
[
sin(r2F|k⊥|2/2)
r2F|k⊥|2/2
]2
P (|k⊥|), (C52)
〈S2(f)〉 =
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
[
cos(r2F|k⊥|2/2)
r2F|k⊥|2/2
]2
P (|k⊥|). (C53)
As discussed above, we have a freedom to shift the origin of time. To see this point, we subtract the phase shift in the
geometric optics limit (f →∞)
ηˆ = η − 2piif∆tg = η + 4piif
c3
∫
dχ
∫
dk‖
2pi
∫
dk⊥
(2pi)2
Φ(k‖,k⊥)eik‖χ. (C54)
Specifically, from Equation (C34) ηˆ is written as
ηˆ = −4piif
c3
∫
dχ
∫
dk‖
2pi
∫
dk⊥
(2pi)2
Φ(k‖,k⊥)eik‖χ
(
e−ir
2
F|k⊥|2/2 − 1
)
. (C55)
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Figure 16. Filter functions F 2K,12 (left), F
2
S,12 (middle), and FK,12FS,12 (right) used for calculations of auto and cross lensing
dispersions (equations 40, 42, 44). FK,12 and FS,12 are defined in Equations (41) and (43), respectively. In all panels, we fix
redshift z = 0.5 and zs = 1, and frequency f1 = 0.01 Hz, and consider three different frequency f2, f2 = 0.02 Hz (solid), 0.1 Hz
(dashed), and 0.5 Hz (dotted).
In this case,
〈ηˆηˆ∗〉 =
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
(
2
r2F|k⊥|2
)2
P (|k⊥|)
[
2− 2 cos(r2F|k⊥|2/2)
]
,
Re(〈ηˆ2〉) = −
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
(
2
r2F|k⊥|2
)2
P (|k⊥|)
[
cos(r2F|k⊥|2) + 1− 2 cos(r2F|k⊥|2/2)
]
. (C56)
Thus 〈K2(f)〉 is unchanged from Equation (C52) but 〈S2(f)〉 is modified to
〈S2(f)〉 =
∫
dχW 2(χ)
∫
dk⊥
(2pi)2
[
cos(r2F|k⊥|2/2)− 1
r2F|k⊥|2/2
]2
P (|k⊥|). (C57)
In practice, K(f) and S(f) have to be measured by comparing signals at different frequencies. For example, in an
ideal case where the model waveform hmodel(f) without gravitational lensing effects is completely known the following
ratio between frequencies f1 and f2 reduces to
h(f1)/h
model(f1)
h(f2)/hmodel(f2)
≈ 1 +K(f1)−K(f2) + i [S(f1)− S(f2)] , (C58)
from which we can measure auto and cross correlations of the differences of K(f) and S(f). After some calculations,
they are found to be given by Equations (40), (42), and (44). We show examples of filter functions used for these
calculations in Figure 16.
D. CONVERGENCE AND MAGNIFICATION BY THE SHOT NOISE
We discuss the connection between lensing effects by individual point mass lenses and the variance of the convergence
computed by the shot noise power spectrum. Specifically we consider a population of point mass lenses with their
individual mass mp, the comoving number density n¯p, and the mass fraction mpn¯p/ρ¯ = fp. The shot noise contribution
to the convergence variance smoothed over a circle with radius βs is
〈κ2shot〉 =
∫
dχW 2(χ)
∫
k dk
2pi
∆Pshot(k)W
2
s (kχβs), (D59)
where the lensing weight function W (χ) is defined in Equation (31) and Ws(x) is a smoothing kernel defined in
Equation (32). The shot noise contribution to the matter power spectrum is given by
∆Pshot(k) =
f2p
n¯p
. (D60)
The lensing weight function is also rewritten as
W (χ) =
4piGρ¯a−1χ(χs − χ)
c2χs
=
ρ¯a−2
Σcrit
= piR2Ein
n¯p
fp
, (D61)
Lensing dispersion of gravitational waves 21
where the comoving Einstein radius REin for a point mass lens is given by
REin = χθEin =
1
a
√
mp
piΣcrit
. (D62)
By combining these calculations, we obtain
〈κ2shot〉 =
∫
dχ
(piR2Ein)
2n¯p
pi(χβs)2
=
∑
κ2s (βs)〈N2p〉, (D63)
where
κs(βs) =
(
REin
χβs
)2
, (D64)
is the smoothed convergence for each point mass lens and
〈N2p〉 = pi(χβs)2n¯p∆χ (D65)
is the variance of the number of point mass lenses within βs, which are assumed to be randomly distributed, within
the radial distance slice ∆χ.
The discussion above suggests that the weak lensing approximation (µs ≈ 1 + 2κs) breaks down at χβs . REin,
where REin ∼ 10−8 Mpc for mp = 1 M, zs = 1 and z = 0.5.
For gravitational wave sources, the Fresnel scale rF (equation 39) should be interpreted as the effective size of the
source. Given the difference of the top-hat filter used above and the filter used to define the convergence of gravitational
waves in Equation (35), we connect βs with rF as∫
k dk
2pi
F 2K =
∫
k dk
2pi
W 2s (kχβs), (D66)
where FK is defined in Equation (36). By solving this equation we find (χβs)
2/r2F = 4/pi. Thus the smoothed
convergence (equation D64) is rewritten as
κs =
pi
4
(
REin
rF
)2
=
pi
4
2pif(1 + z)
4Gmp
c3
=
pi
4
w, (D67)
where w denotes the dimensionless parameter that controls the wave optics effect in gravitational lensing (see e.g.,
Oguri 2019). The smoothed convergence can also be derived by directly evaluating δφobs(f)/φ
0
obs(f) in the Born
approximation for the case of a point mass lens (Takahashi et al. 2005)
δφobs(f)
φ0obs(f)
=
i
2
w
[
Ci
(
R2⊥
2R2Ein
)
+ i
{
Si
(
R2⊥
2R2Ein
)
− pi
2
}]
, (D68)
where R⊥ denote the comoving impact parameter at the lens. From this expression we can read off the smoothed
convergence as
κs = Re
[
δφobs(f)
φ0obs(f)
]
≈ pi
4
w (R⊥ . rF), (D69)
which is consistent with Equation (D67).
On the other hand, using the w parameter, the magnification factor of a point mass lens with the comoving impact
parameter R⊥ in the wave optics limit is described as (Deguchi & Watson 1986a,b)
µs =
piw
1− e−piw
∣∣∣∣1F1( i2w, 1; i2w R2⊥R2Ein
)∣∣∣∣2 ≈ 1 + pi2w (w  1, R⊥ . rF), (D70)
where 1F1 is the confluent hypergeometric function. Hence the weak lensing relation µs ≈ 1 + 2κs holds also for the
case of the wave optics lensing by a point mass lens.
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